Let A : T → T be an ergodic automorphism of a finite-dimensional torus T . Also, let G be the set of elements in T with some fixed finite order. Then, G acts on the right of T , and by denoting the restriction of A to G by τ, we have A(xg) = A(x)τ(g) for all x ∈ T and g ∈ G. Now, letÃ :T →T be the (ergodic) automorphism induced by the G-action on T . Letτ be anÃ-closed orbit (i.e., periodic orbit) and τ an A-closed orbit which is a lift ofτ. Then, the degree of τ overτ is defined by the integer deg(τ/τ) = λ(τ)/λ(τ), where λ( ) denotes the (least) period of the respective closed orbits. Suppose that τ 1 ,...,τ t is the distinct A-closed orbits that coversτ.
Introduction.
In a joint paper [3] , we studied how periodic orbits of a shift of finite type X lift to a so-called homogeneous extension of X. The main result of that paper, which was motivated by a number-theoretical result of Heilbronn (see Cassels and Fröhlich [1] ), is an asymptotic formula for the number of periodic orbits of X according to how they lift to the associated homogeneous extension. As an application, we observe that the shift X and its associated homogeneous extension is the symbolic model for a (G, τ)-extension of a hyperbolic toral automorphism. In particular, we showed that the previously mentioned formula also holds for this latter dynamical system (see Noorani and Parry [3] for details).
Our aim in this paper is to extend this latter result to ergodic (quasihyperbolic) toral automorphisms. More precisely, we consider a (G, τ)-extension of an ergodic toral automorphismÃ and provide an analogous result to the one obtained in Noorani and Parry [3] . As in the hyperbolic case, the proof of this asymptotic formula is carried out in two steps. The first step is to bring in a socalled cyclic extension and obtain the associated Chebotarev theorem for this extension. The asymptotic formula achieved in this theorem is analogous to Merten's theorem of the analytic number theory (see Noorani [2] ). The second step is then just a simple application of our result in [3] .
(G, τ)-extensions and identifications.
Let A be an ergodic automorphism of a d-dimensional torus T . Note that in the literature this is also known as a quasihyperbolic automorphism of T . We always regard A to be an element of GL(d, Z) with det A = ±1. As is well known, this in turn is equivalent to requiring A not to have any eigenvalue being a root of unity.
Let m be fixed and G be the set of elements in T with order m, that is,
It is clear that the restriction of A to G is a group isomorphism. Denote this restriction by τ. Then, by letting G act on the right of T and using multiplicative notation, we have
In this case, we say that G τ-commute with A. Now, since G acts freely on T and |G| < ∞, we observe that A induces an automorphismÃ on the quotient manifoldT (= T /G), which is also an ergodic toral automorphism. Letting π G : T →T be the covering map, we have π G A =Ãπ G . We refer to A as a (G, τ)-extension ofÃ. In this case, we also say that A covers itself with a finite abelian group. Note that the eigenvalues of the associated matrix of A andÃ are the same, including multiplicites. This follows from the easily proven fact that both A andÃ share the same linear lift.
Recall that a partition of a positive integer k is a collection of positive inte-
In this case, we write l for the t-tuple (l 1 ,...,l t ).
Letτ be anÃ-closed orbit with (least) period λ(τ) and τ be an A-closed orbit with period λ(τ) such that π G (τ) =τ. Then, the degree of τ overτ is defined by the integer For each partition l of G, let A l = {τ ⊂T :τ induces the partition l}. We are interested in an asymptotic formula involving the set A l . To achieve this, we need to identify A andÃ with a certain direct product dynamical system. Since G is finite, it is clear that τ n = id for some positive integer n. We denote byT the direct product manifold Z n × T , where Z n is the cyclic group on n elements. Now, defineÂ : Now, define the semidirect product groupĜ of Z n and G as follows:
with operation
It is easy to see that the identity element ofĜ is (0,e G ) and the inverse of (r , g)
We introduce a rightĜ-action onT by (s, x)(r , g) = (r + s, xτ s (g)) for each (r , g) ∈Ĝ and (s, x) ∈T . Then, it is clear thatĜ acts freely onT and more importantly, this action commutes withÂ, that is,Âĝ =ĝÂ for allĝ ∈Ĝ. Now, form theĜ-orbit spaceT /Ĝ with the appropriate induced automorphism. Then, it is not difficult to see that we can identifyT /Ĝ (together with the induced map) withÃ :T →T . With this identification, we refer toÂ :T →T as a freeĜ-extension ofÃ :T →T . LetĤ be the subgroup Z n × {e G } ofĜ, and consider the action ofĤ on the spaceT . TheĤ-orbit space iŝ
H, we deduce thatT /Ĥ can be identified with T . Moreover, it can be checked that the induced map onT /Ĥ is essentially A. These identifications are used in the next section to obtain an auxiliary result, the so-called Chebotarev theorem for theĜ-extension ofÃ (see Parry and Pollicott [4] ).
Lifting closed orbits ofÃ toÂ.
In this section, we will, with the help of the above identifications, provide the answer to the first step of the problem mentioned in the introduction. Recall thatÃ is the ergodic toral automorphism induced by the G-action on A.
Frobenius classes, ζ and L-functions.
Letτ be anÃ-closed orbit with least period λ(τ) andτ anÂ-closed orbit coveringτ. Then, since theĜ-action onT is free and commutes withÂ, we deduce that there exists a unique element
This group elementγ(τ), which only depends onτ, is called the Frobenius element ofτ. Moreover, ifτ is anotherÂ-closed orbit also coveringτ, it is easy to see that the Frobenius elements ofτ and ofτ are conjugated with each other. We call the conjugacy class determined byτ the Frobenius class of τ and is denoted by [τ] (see [4, 5] ). The zeta function ofÃ is defined bỹ Using the above result, we have (see Noorani [2, Proposition 5]) the following asymptotic formula which is motivated by Merten's theorem of the analytic number theory (see also Sharp [7] ). Let χ be an irreducible representation ofĜ. The L-function of χ is defined asL
where the first sum is taken over allÃ-closed orbits. By comparing the above expression withζ(z), we deduce thatL(z, χ) is nonzero and analytic for |z| < e −h . In fact,L(z, χ) has a nonzero meromorphic extension to some disc of radius greater than e −h . Let Irr(Ĝ) be the collection of all irreducible characters ofĜ. Then, as will be apparent later on, our main problem is to obtain the analytic properties ofL(z, χ) for z in a neighborhood of e −h for each χ ∈ Irr(Ĝ). First, observe that when χ = χ 0 , the principal character,L(z, χ 0 ) =ζ(z). Moreover, from Serre [6] , we have the following proposition. 
.,n − 1 such that for each r ∈ Z n , χ i (r , g) = χ i (r , e G ) for all g ∈ G.

Moreover, χ i (r , e G ) = η i (r ) for all r ∈ Z n .
It is straightforward to check that the L-functions for these special characters satisfy the following corollary. Note that the above result says thatL(z, χ i ), i = 1,...,n are analytic and nonzero in a neighborhood of z = e −h . In fact, this holds true for each χ i ∈ Irr(Ĝ) χ ≠ χ 0 (see [2, 4] ).
The Chebotarev theorem.
Let C be a conjugacy class ofĜ. To capture theÃ-closed orbitsτ with Frobenius class [τ] = C, we introduce the following zeta function:ζ
where the product is taken over allÃ-closed orbits with Frobenius class C. Note thatζ C (z) is just the restriction ofζ(z) to theÃ-closed orbits whose Frobenius class equals C. Let g ∈Ĝ. By the orthogonality relation for irreducible characters, we have
Equivalently, we have
In a neighborhood of z = e −h , we have by Proposition 3.2,
A straightforward manipulation of the above equations then gives us the following theorem. 
Applications to (G, τ)-extensions.
We now present the main result of this paper which is an asymptotic formula involving the set A l = {τ ⊂T : τ induces the partition l} for each partition l of G. Before that, we need the following notion: let K be another subgroup ofĜ. We can define a left action of k ∈ K on the coset spaceĜ/Ĥ by k·ĝĤ = kĝĤ. Let K 1 ,...,K m be the distinct orbits of this action and r i , i = 1,...,m be their respective sizes. This different sizes then form a partition of |Ĝ|/|Ĥ|. Note that G is identifiable withĜ/Ĥ. In this case, we say that K induces the partition r = (r 1 ,...,r m ) of |G| (after reordering if needed). It is easy to see that if k is conjugate to k , then the respective cyclic subgroups generated by them induces the same partition of |G|. The proof of the following result can be found in Noorani and Parry [3] . Let C(g) denote the conjugacy class containing g ∈Ĝ. As an immediate corollary to the above theorem, we have the following corollary. 
Since the union in the above result is disjoint, a direct application of Theorem 3.5 then gives us the main theorem of this paper. 
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